Abstract. A connected graph is called a c-cyclic graph if it contains n vertices and n + c − 1 edges. Let C(n, k, c) denote the class of connected c-cyclic graphs with n vertices and k pendant vertices. Recently, the unique extremal graph, which has greatest (respectively, signless) Laplacian spectral radius, in C(n, k, c) has been determined for 0 ≤ c ≤ 3, k ≥ 1 and n ≥ 2c + k + 1. In this paper, the unique graph with greatest (respectively, signless) Laplacian spectral radius in C(n, k, c) is determined for c ≥ 0, k ≥ 1 and n ≥ 2c + k + 1.
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if we obtain G ′ by identifying the vertex u with v 1 , then we say that G ′ is obtained from G by attaching the cycle C q to u of G.
Paths P l1 , . . . , P l k are said to have almost equal lengths if l 1 , . . . , l k satisfy |l i − l j | ≤ 1 for 1 ≤ i ≤ j ≤ k. Denote by F n (k, C (t) 4 , C (c−t) 3 ) the unique connected c-cyclic graph on n vertices obtained by attaching t quadrilaterals, c − t triangles, and k paths of almost equal lengths, respectively, to a common vertex. Let F n (k, C (c) 3 ) be the c-cyclic graph on n vertices obtained by attaching k paths of almost equal lengths and c triangles, respectively, to a common vertex, and let F n (k, C (c) 4 ) define the c-cyclic graph on n vertices obtained by attaching k paths of almost equal lengths and c quadrilaterals, respectively, to a common vertex. It follows that F n (k, C Let A(G) and D(G) be the adjacency matrix and the diagonal matrix of vertex degrees of G, respectively. The Laplacian matrix of G is L(G) = D(G)−A(G) and the signless Laplacian matrix of G is Q(G) = D(G) + A(G). Denote by λ(G) and µ(G), respectively, the Laplacian spectral radius and signless Laplacian spectral radius of G. Thus, λ(G) and µ(G) are equal to the largest eigenvalues of L(G) and Q(G), respectively. It is well-known that Q(G) is positive semidefinite and nonnegative, and, when G is connected, it is irreducible [9] . Thus, when G is connected, by the famous Perron-Frobenius Theorem of non-negative matrices (see e.g. [5] ), it follows that µ(H) < µ(G) holds for any proper subgraph H of G.
We call G an extremal graph in C(n, k, c) of first (respectively, second) type if G has greatest signless Laplacian (respectively, Laplacian) spectral radius in C(n, k, c).
Recently, the extremal graphs, which have greatest (signless) Laplacian spectral radii, in C(n, k, c) has been studied [1, 3, 4, 8, 10, 11, 14, 15] . From these recent results, we can conclude that:
3 ) is the unique extremal tree of C(n, k, 0) [8, 14] ; F n (k, C (1) 3 ) is the unique extremal unicyclic graph in C(n, k, 1) of first type [10, 15] when n ≥ k + 3 and F n (k, C (1) 4 ) is the unique extremal unicyclic graph in C(n, k, 1) of second type [3, 10] 
3 ) is the unique extremal bicyclic graph in C(n, k, 2) of first type [1, 11] when n ≥ k + 5 and F n (k, C (2) 4 ) is the unique extremal bicyclic graph in C(n, k, 2) of second type [3, 10] when n ≥ k + 7;
3 ) is the unique extremal tricyclic graph in C(n, k, 3) of first type [8, 11] when n ≥ k + 7 and F n (k, C
4 ) is the unique extremal tricyclic graph in C(n, k, 3) of second type [4] when n ≥ k + 10.
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M.H. Liu as follows.
3 ) is the unique extremal graph in C(n, k, c) of first type.
) is the unique extremal graph in C(n, k, c) of second type.
2. Some preliminaries. The graph W G (uv) is obtained from G by subdividing the edge uv, i.e., adding a new vertex w and edges wu, wv in G−uv, where uv ∈ E(G). An internal path,
, is a path joining v 1 and v s+1 (which need not be distinct) such that the degrees of v 1 and v s+1 are greater than 2, while all other vertices v 2 , . . . , v s are of degree 2.
Lemma 2.1.
[10] Let uv be an edge in an internal path of a connected graph G.
Suppose v is a vertex of G with at least two vertices. Let G t,l (l ≥ t ≥ 2) be the graph obtained from G by attaching two new paths 
where the equality holds if and only if G is regular or a star or a path with four vertices.
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3. The proofs of Theorems 1.1 and 1.2. The following simple necessary condition turns out to be surprisingly useful in the proof of our main results.
, then G is obtained by attaching k paths and c cycles, respectively, to a common vertex. 
we divide the proof into the following three cases.
By Lemmas 2.3-2.4,
Then, d 2 = 3, which implies that d(w) ∈ {k + 2c − 1, 3, 2, 1} holds for any w ∈ V (G). By c ≥ 2 and k ≥ 1, G is neither a regular nor a bipartite semiregular graph. According to Lemmas 2.3 and 2.5, we have 
, uv ∈ E(G) occurs at the edge u 0 v 0 , where
, as G is connected and c ≥ 2.
If d(v 0 ) = 1, then by inequality (3.1),
If d(v 0 ) = 2, then by inequality (3.1), 
If d(v 0 ) = 2, then by inequality (3.1),
a contradiction.
Then, d 2 = 2, and hence
which implies that G is obtained by attaching k paths and c cycles to a common vertex.
Proof of Theorem 1.1. When 0 ≤ c ≤ 1, the result had been proved in [8, 10, 14, 15] . So, we may suppose that c ≥ 2 and G is an extremal graph in C(n, k, c) of first type in the sequel.
3 ) ∈ C(n, k, c) and
3 ) is non-bipartite, by the choice of G and Lemma 2.3,
3 )) > k + 2c + 1. Thus, by Lemma 3.1, G is obtained by attaching k paths and c cycles, respectively, to a common vertex, say u 0 .
Suppose that G contains a cycle, say C, of length at least four. Let u, v and w be three vertices of C such that uv ∈ E(C), vw ∈ E(C) and u 0 ∈ {u, v, w}. Suppose x is a pendant vertex of G. Let G 1 = G + uw − uv − vw, G 2 = G 1 − v and let G 3 = G 1 + xv. Then, G 3 ∈ C(n, k, c). Since c ≥ 2, uw lies on an internal path of G 2 and G = W G2 (uw). By Lemma 2.1,
, contrary to the choice of G. So, every cycle of G is a triangle, and hence G is obtained by attaching k paths (say P l1 , P l2 , . . . , P l k , where l i ≥ 2 for 1 ≤ i ≤ k) and c triangles, respectively, to u 0 .
If there exists two paths, the length of which differ at least two, without loss of generality, we suppose that l 1 − l 2 ≥ 2. Suppose P l1 = u 0 w 1 w 2 · · · w l1−1 and
By Lemma 2.2, we have µ(G) < µ(G 5 ), which contradicts the choice of G. Thus, the k paths have almost equal lengths and hence the result follows. 
Proof. Let G 1 be the connected (c − s)-cyclic graph obtained from G by deleting s edges, the degrees of whose end vertices are two, in the s triangles of G. Then,
3 )) and λ(G) = λ(G 1 ). We consider the following two cases. Then, G 1 is a connected (c − s)-cyclic graph obtained by attaching k + 2s paths (among which at least 2s paths have lengths 1), and c − s quadrilaterals, respectively, to u 0 . Suppose that P l1 , P l2 , . . . , P l k are k pendant paths of G 1 with the first k largest lengths among all the pendant paths of G 1 . If there exists two pendant paths of {P l1 , P l2 , . . . , P l k }, the length of which differ at least two, without loss of generality, we may suppose that l 1 − l 2 ≥ 2. Suppose P l1 = u 0 w 1 w 2 · · · w l1−1 and
Repeating the above process, we see by Lemma 2.2 
3 )), where the equality holds if and only if
3 )) by Lemma 2.3. Thus, by Lemma 2.3, we have
3 )).
3 )), and hence
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The (Signless) Laplacian Spectral Radii of c-Cyclic Graphs 949 let x be the pendant vertex of P . Let G 2 = G 1 + uw − uv − vw, G 3 = G 2 − v and let G 4 = G 2 + xv. Since d(u 0 ) = k + 2c ≥ 3, uw lies on an internal path of G 3 and
Note that G 4 contains exactly k + 2s pendant vertices, and there are at least 2s pendant vertices being adjacent to u 0 in G 4 . By repeating the above process, we see that there exists some (c − s)-cyclic graph, say G 5 , such that µ(G 4 ) ≤ µ(G 5 ), where G 5 is obtained by attaching k + 2s paths (among which at least 2s paths have lengths 1) and c − s quadrilaterals, respectively, to u 0 . By the proof of Case 1, we
3 )). Now, by Lemma 2.3, we can conclude that
This completes the proof of this result.
Proof. Suppose u 0 has the maximum degree of F * n (k, C 3 ) with initial vertex u 0 , and let y be the pendant vertex of P . If |V (P )| = 2, then n ≤ 2s + 3(c − s) + 1 + k = k + 3c + 1 − s, a contradiction. Thus, |V (P )| ≥ 3. Let x be a pendant vertex, which is adjacent to u 0 . 
